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Abstract
We start with the recollection of basic results about differential manifolds and Lie groups. We
also recall some preliminary terminologies in Lie algebra. Then we define the Lie algebra corre-
sponding to a Lie group. In the next section, we define a strongly continuous representation of
a Lie group on a Banach space. We further define the smooth, analytic and entire vectors for a
given representation. Then, we move on to develop some necessary and sufficient criteria to char-
acterize smooth, analytic and entire vectors. We, in particular, take into account of some specific
representations of Lie groups like the regular representation of R, the irreducible representations
of Heisenberg groups, the irreducible representations of the group of Affine transformations and
finally the representations of non-compact simple Lie groups.
1. Introduction
1.1. A Review of Lie Groups.
Definition 1.1. Let M be Hausdorff space. Assume that there exists an open covering {Uα :
α ∈ Λ} of M for some index set Λ and homeomorphism φα from Uα onto some open subset φα(Uα)
of Rn for some non-negative number n. Then M is called a smooth manifold if it satisfies the
following compatibility condition. For each α, β ∈ Λ such that Uα ∩ Uβ 6= ∅, the map
φα ◦ φ−1β : φβ(Uβ ∩ Uα) ⊆ Rn → φα(Uα ∩ Uβ) ⊆ Rn
is smooth in the usual sense on Rn. The collection {(Uα, φα)} is called an atlas and its members
are called coordinate charts on M and n is called the dimension of M .
Let us explore some definitions related to manifolds.
Let M and N be two manifolds with coordinate charts (Uα, φα) and (Vα, ψβ) and dimen-
sion m and n respectively. Then M ×N with product topology assumes a smooth structure with
the coordinate charts {(Uα × Vβ, φα × ψβ)}.
Let M and N be as above. A function f : M → N is called smooth if for each point
p ∈ M , whenever p lies in a coordinate chart (Uα, φα) and f(p) lies in a coordinate chart (Vβ, φβ)
with f(Uα) ⊆ Vβ, then the map
ψβ ◦ f ◦ φ−1α : φα(Uα) ⊆ Rm → ψβ(Vβ) ⊆ Rn
is smooth in the usual sense.
In a particular case which we shall use is that for a Banach Space H, a function f : G→ H is
smooth (or analytic) if for each p ∈M , there is a coordinate chart (Uα, φα) such that the map
f ◦ φ−1α : φα(Uα) ⊆ Rm → H
is smooth (or analytic) in the strong topology of H.
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